Abstract. The norm of the operator which averages |f | in L p (R n ) over balls of radius δ|x| centered at either 0 or x is obtained as a function of n, p and δ. Both inequalities proved are n-dimensional analogues of a classical inequality of Hardy in R 1 . Finally, a lower bound for the operator norm of the Hardy-Littlewood maximal function on L p (R n ) is given.
Introduction
A classical result of Hardy [HLP] states that if f is in L p (R 1 (0, |x|) . The analogue of (0.2) for R n is the inequality: for some constant C p (n) which depends a priori on p and n. Our first result is that the
, the same constant as in dimension one. Another version of Hardy's inequality in R n with the best possible constant can be found in [F] .
Next we consider a similar problem. An equivalent formulation of (0.1) and (0.2) is
We compute the operator norm c p,n of S on L p (R n ) as a function of n and p. The precise value of the constant c p,n is given in Theorem 2.
In section 3 a lower bound for the operator norm of the Hardy-Littlewood maximal
which averages f over the ball of radius δ|x| centered at either 0 or |x| is given as a function of δ, p and n, for any δ > 0.
Throughout this note, ω n−1 will denote the area of the unit sphere S n−1 and v n the volume of the unit ball in R n .
Hardy's inequality on R
n .
In this section we will prove inequality (0.3) with constant C p (n) = p = p/(p − 1). We denote by |A| the Lebesgue measure of the set A and by χ A its characteristic function.
The following inequality holds
Without loss of generality, assume that f is nonnegative and continuous. Let R + denote the multiplicative group of positive real numbers with Haar
Note that equality holds in (1.2) if and only if equality holds in g
This happens in the limit by the sequence
conclude that equality is attained in (1.2) in the limit by the sequence
Note that T f is a radial function. Expressing all integrals in polar coordinates, we reduce (1.1) to a convolution inequality on the multiplicative group R
We apply Hölder's inequality with exponents f (rtθ)(rt) n/p t n/p dt t and then Fubini's theorem to interchange the integrals in θ and r. We obtain that (1.4) is bounded above by
Note that if f is a radial function then (1.4) and (1.5) are identical. We now apply (1.2) to majorize (1.5) by
using the fact that ω n−1 = nv n . We have now obtained the inequality
Equality holds when the family of functions (1.3) is radial. Therefore the extremal family for inequality (1.1) is |x| −n/p χ ≤|x|≤N , as → 0 and N → ∞. The derivation of the n-dimensional analogue of (0.4) is more subtle. Let B(s, t) denote the usual beta-function 1 0
and the constant c p,n is the best possible.
Proof. We use duality. Fix f and g positive and continuous with f L p (R n ) ≤ 1 and
We express both g and Sf in polar coordinates by writing x = rφ and y = tθ. The relation |x − y| ≤ |x| is equivalent
where
at 2r. We therefore estimate (2.2) by
where 
Proof. We may assume that all three quantities on the right hand side of (2.4) are finite. Since K depends only on the inner product θ · φ, the integral S n−1 K(θ · φ) dφ is independent of θ. Hölder's inequality applied to the functions F and 1 with respect to the measure K(θ · φ) dθ gives (2.5)
We will now use (2.5) to prove (2.4). The left hand side of (2.4) is trivially estimated by
. Applying (2.5) and Fubini's theorem we bound this last expression by
The lemma is now proved. Observe that equality is attained in (2.4) if and only if both F and G are constants.
We now continue with the proof of Theorem 2. Applying the lemma and using the fact that F and G have norm one, we estimate (2.3) by ds. An easy computation shows that
